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Comparing Local and Marching Analyses of Gortler Instability
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Two methods of solving the partial differential equations describing Gortler instability are compared. Local
separation-of-variable analysis predicts growth rates independently of any assumptions about initial distur-
bances. Global marching analysis requires initial-disturbance assumptions but is shown to provide results that
are not affected after sufficient marching. The local analysis results are compared to the marching results and
are seen to consistently overestimate growth rates by modest amounts. The distance required for different distur-
bances to collapse onto one common curve is estimated from several examples. The first neutral point cannot be
clearly identified by the marching analysis because convergence to the asymptotic curve is too slow and because
the most unstable disturbance changes rapidly with streamwise position upstream of the neutral point. Different
measures of growth give slightly different results because of the changing disturbance shape.

Nomenclature
f = Blasius boundary-layer function, U=f"
G = Gértler number, = (x/eR)!?
N =growth measure, =b(u,, /u,,)
p =perturbation pressure
R =radius of curvature of the wall

U, =flow velocity outside the boundary layer

Uv = boundary-layer velocity components, streamwise
and normal to wall

u,v,w =perturbation velocity components, streamwise,

normal, and spanwise
UV, =maxima of velocity profiles

Xo =streamwise reference length (dimensional)
o =spanwise wavenumber of perturbation,
=¢-2w/\
a,,G, =global value based on X, rather than on X
B =exponential growth rate, based on peak amplitude

of u

= exponential growth rate, based on integral of u?

= small parameter, = (v/U,Xy)"?

=boundary-layer variable, =y/x!?

=nondimensional spanwise wavelength,
=GQ2n/a)*?

=dimensional spanwise wavelength

= kinematic viscosity

=streamwise variable, =x1/2

=exponential growth rate, based on integral of
W+ 0+ w?

=dimensional values
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Introduction

ORTLER instability can be responsible for boundary-

layer transition and alternately can provide the three-
dimensional disturbance that causes breakdown of Tollmien-
Schlichting waves. For a large disturbance wavenumber, there
is general agreement on the linear theory, and an analytic, as-
ymptotic solution is available.! However, for order one
wavenumbers when the spanwise disturbance wavelength is on
the order of the boundary-layer thickness, most analyses are
local, separation-of-variables analyses, and they disagree
widely.2

Hall® argues that all separation-of-variables solutions are
wrong and cannot model the two-dimensional stability equa-
tions in x and y. Strictly speaking, he is correct. But are such
local solutions still useful? There are two questions here: Do
different, random disturbances converge to one predictable
disturbance (a function of wavelength and position) as they
evolve downstream within the region of order one wave-num-
ber? If not, no theory giving disturbance growth rates as a
function of Gdrtler number G and wavenumber « is valid
here. The second question is if so, how wrong is the local anal-
ysis growth rate?

To answer the second question, one wants to solve the sta-
bility equations by marching and to compare the disturbance
shape and growth rate to local theory. Since marching results
vary depending on initial conditions but less so the farther one
marches, the problem is to find an asymptotic disturbance (a
function of wavenumber and Gortler number) to which all dis-
turbances collapse, given sufficient distance. Asymptotic is
used here in the sense of disturbances converging to each other
and not in the sense of wavenumber getting small. In this
study, local solutions are used as initial conditions to a march-
ing scheme. Runs are started at different streamwise positions
and the disturbances are followed until they collapse onto each
other.

The answer to the first question cannot be given without
knowing what the variation in initial disturbances is in prac-
tice. That requires not only solving the receptivity problem,
but knowing the properties of some freestream turbulence or
other disturbance as well. The beginning of an answer is re-
ported here by systematically altering initial conditions and by
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seeing how soon differences disappear and how much differ-
ence an N factor has accumulated.

Problem Statement

In order to focus on the differences between local and
marching analyses, a simple Gortler problem is posed. The
physical problem is illustrated in Fig. 1. The Blasius boundary
layer is used, small curvature is assumed, and the perturba-
tions are assumed linear, steady, and spanwise periodic with a
specified wavelength \.

In the following, x, is an arbitrary reference length, chosen
in this work as that X where local analysis gives onset of insta-
bility (the first neutral point).

e=/U,xp)?

X=XoX y=XoY, Z=€xoZ

U=U,U(xy), V=eU,V(xy)
o = €xp27 /N
u(x,3,2) =U,u(x,y) cosa,z
U(x,3,2) =eU,v(x,y) cosa,z
w(x,y,z2) =eU,w(x,y) sinagz
P(xy,2) =pUip(x.y) cosa,z

Note in particular that downstream disturbances to the velo-
city are scaled differently than components spanwise and nor-
mal to the wall. This is reasonable because a weak movement
of fluid normal to the wall produces relatively strong
boundary-layer shear. _

After substitution of the velocity (U+ &, V+ b, w) into the
Navier-Stokes equations for curved coordinates,* subtraction
of the base flow, and linearization, terms of higher than first
order in curvature and Reynolds number are discarded. (For
details see Floryan and Saric.’) The resulting x-y stability
equations are

U, +v,+aw=0
Uu,+ Vu,+ Uu+U,v=u,,—c’u
Uv,+ Vu, + Vu+ V,u+2G*Uu= —p, +v,,—a’v
Uw,+ Vw,=ap+w,, —o?w

G, = (xo/eR) "2

Fig. 1 Problem definition.
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Both the Gortler number and wavenumber appear using X,
as the characteristic length scale. These global values are writ-
ten G, and a,, to distinguish them from the local values G and
« based on x. Care must be taken in comparing local and
marching analyses, as the reference length used in local ana-
lyses is X, the variable of the marching analysis, rather than x,.
This difference reappears in defining growth rates below. This
set of equations forms a consistent first-order approximation
to the effect of curvature.

The equations were solved locally by separation of variables
by Floryan and Saric,’ by Ragab and Nayfeh,® and globally
by numerical marching by Hall.?> The present numerical
scheme follows that of Hall.?

Marching Solution

Hall® reduced the original four differential equations to two
by reducing the dependent variables from (u,v, w,p) to (u,v).
This is necessary because no x derivative of p appears in the
equations. The full four-equation set cannot be marched. In
the strict mathematical sense, it appears that neither the two-
nor four-equation set are parabolic. Further, w is not indepen-
dent of u,v at a streamwise station: one can calculate w(y)
from u(n), v(y).

For the sake of an efficient solution, the nondimensional
(x,y) coordinates were converted to the coordinates (&,7)
defined below. The base flow (U, V,0) was expressed in terms
of the Blasius function f(»):

£:x1/2’ nzy/\/;
ST+ f72=0,  fl0)=0  fle)—1
U=f', V=f" ~N/Q2%)

The final two-equation set, equivalent to Hall’s except for
the replacement of x with £, is

2u,, +fu, — £f u + (0f " —202Eu—2£f"v=0
(S =" +f Vikgy = 20Ef "t + Quf " + 40",
— @ngf" + 268" uy
FLRS™ 4 Suf” + 3" = @28 (S +f” —f)
+8aE5 G " u
+atv,, +28fv, =282 v, — QuEf" —AEf" + 8?80,
~ @+ 28f" + 2078 )0, + QES + 2028 Yo,
— @uEf™ + 4L — 2028 0f” — 4 £5)0=0

The marching scheme follows Hall; therefore no detailed
description will be given. At each step in the solution, values
of u,v at one £ station are used to find values at the next by
matrix inversion. The outer boundary condition was the sim-
ple one of setting all perturbation velocities equal to zero at
two final grid points, and accuracy was assured by extending
the grid far enough from the wall that further changes did not
affect the results. For runs starting upwind of the neutral-
stability curve, or simply near it for smaller «, this was costly.

Hall’s published growth curves and disturbance profiles
were accurately reproduced by the programs used in this work.

Growth Measure
Because the disturbances considered change shape as well as
strength, different measures of growth give different results.
That choice of measure affects, for example, where the
neutral-stability curve is located and which of two distur-
bances is less stable.
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Fig. 2 Wavenumber—Goértler number plane showing paths of con-
stant A and starting points for marching with the neutral curve from
Floryan and Saric.
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Fig. 3 Successive disturbance velocity profiles showing u,v for
A=62 at £t =1 (taken from local theory as initial condition) and after
marching to £ =2,4; the computational grid extends to y=50.

The growth measures used here are exponential, that is, if
a(x)=agexp (gx) locally, then g=a’/a is the growth rate of
a(x). Three choices of a(x) give three different measures:

B=a’'/a, where a(x)= rry)ax (u)

g=a’/a, where a(x) = §(u? + ¥ + w?) dy
v =a’/a, where a(x) = fu*dy

The 8 also differs from the other two growth rates in using
a streamwise coordinate nondimensionalized by the local
value of x rather than by the global value x,. This aids compar-
ison of 8 with the local analysis results and v and ¢ with Hall’s
results.

The B is the simplest measure of growth but does not ac-
count for the thickness of the region of disturbed flow, which
changes as the peak in the u profile moves toward or away
from the wall.

The o is Hall’s measure of growth and includes the growth
of all three components of velocity. This would seem a virtue
until one recalls the scaling of these nondimensional velocities.
A unit increase in v is smaller in physical terms than a unit in-
crease in u by the order of the thickness Reynolds number at
X=X,. Thus not only does this measure give disproportionate
importance to v and w, but the relative importance of, say, u
and v depends on the arbitrary choice of X,.
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The v approximates the growth of the energy contained in
the disturbance. The terms like uU in the expression for energy
average out to zero when integrated across one disturbance
wavelength. The terms u2 + w? are divided by the square of the
thickness Reynolds number, as just explained. If they are
neglected, we are left with {#2/dy, whose integral growth is .

Marching Results

In this section, runs which start at different £ but follow the
same constant A curve in the G, « plane are discussed. Several
curves of constant A are shown in Fig. 2, which also shows
Floryan and Saric’s neutral curve. The nondimensional A is
defined by

A= G(27r/a)3/2 UO/(VRI/Z)

The starting point of each of the runs is marked as a circle in
Fig. 2.

For each A, the runs are overlapped until their disturbances
converge to a common one. The properties of that common
disturbance are then compared to the predictions of local
theory. Initial conditions are provided by Floryan and Saric’s
separation-of-variable program. For each A, the arbitrary X, is
chosen to fall on the local analysis neutral curve; therefore
£=1 there.

Figure 3 shows u and v profiles at successive streamwise sta-
tions for a typical run starting at «=0.4, G=0.998, A=62,
and £ = 1. The first set of profiles is the starting separation-of-
variables solution. Later profiles move toward the wall grow-
ing at first and then decaying in amplitude. Corresponding
local solutions behave similarly.

15
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Local solution

| Marched solution

Fig. 4 Comparison beween final profile of Fig. 3 and corresponding
local solution.
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Fig. 5 Growth rates 8, vy, and o for the run of Figs. 3 and 4; the
circles show the values of 8 obtained from local analysis.
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The local and the marched solutions for £ =4 are compared
in Fig. 4. The local solution has been normalized; therefore
the u amplitudes (u,,) are the same. As £ increases, local and
marched profiles both shift to lower 7, though not the same
amount. The amplitude ratio v,,/u,, also changes in both, also
in somewhat different amounts. A better ook at these trends
and the differences between local and marched solutions will
be given in Figs. 7 and 8.

Figure 5 compares three different measures of growth rate
for the run of Fig. 3. It also shows the growth rates predicted
by the local analysis, which should be compared with the 8
curve. The zero crossings of the three curves are typically dif-
ferent, at both the first and second neutral points. In the pres-
ent case, the three growth measures agree at the first neutral
point but only because the disturbance there is initially un-
changing. The o is very sensitive to inaccuracies in represent-
ing a mode: an incorrect shape or an y truncation too close to
the wall will cause erratic initial behavior. The other two
growth measures, depending only on u, are much less sensi-
tive. The difference in shape between 8 and v or o is character-
istic and due to the different nondimensionalizations of the x
derivatives in the definitions of each.

Figure 6 shows the amplitude u,, as a function of the down-
stream position for two runs at A =62. The starting location,
of course, affects the disturbance amplitudes and initially the
growth rate corresponding to the slope of this curve. Yet after
initial changes, the ratio of amplitudes between the two runs
does not change. This is seen more clearly in the plots of the
growth rate in Fig. 7.

The five graphs in each part of Figs. 7 and 8 show, as a
function of &, the growth rates 3 and v, the logarithm of the
peak-amplitude ratio v,,/u,,, the  location of the » and v
peaks, and their y location. The ¢ is similar to A and is omit-
ted. The u peak gives a good idea of how far outside the
boundary layer a disturbance extends, while the peak y ex-
presses how flat or round the vortex is. The y height of a
round vortex, for each of the three cases, would be 8, 13, and
26. In each family of curves, the local modes used as initial
conditions are plotted as circles or, in the case of 5 and y/\, as
a plus for the u profile and an x for the v profile.

Important points to note in these plots are the initial agree-
ment between the local analysis 8 and the growth rate found in
marching, the initially stationary values of the profile shape,
the lag of the marched values behind the local mode values,
and the eventual convergence of all runs to one asymptotic dis-
turbance for any given A and G. The facts that initially the dis-
turbance behavior is constant-shape and that local analysis ac-
curately predicts the initial growth found in marching give
confidence in both treatments of the basic equations.

The lag of the marched v,,/u,, and y,, behind the local solu-
tion values indicates that the local solution provides a moving
target in terms of these values, which the marching solution is
always moving toward but never reaches. This makes sense

4_.
3k
Ln (Umax) 24
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0 R é R TR

Fig. 6 Amplitude u,, as a function of streamwise position for A =62;
the top curve is for the run shown in Figs. 3-5; the other two runs
were started farther downstream.
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Fig. 7 Three A families of runs for A =62, 92, 210; plotted as a func-
tion of ¢ are 8 (top) and v (bottom).
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Fig. 8 Three A families of runs for A =62, 92, 210; plotted as a func-
tion of £ are v,,/u,, (top), 1,, (middle), and vy, (bottom). In the latter
two graphs, maximum positions of # and v are denoted by + and X,
respectively.

physically and explains the fact that the marched growth rates
fall below the local growth rates: the marched disturbances
never quite reach the target. What one sees here is that local
analysis asks what is the most unstable, shape-preserving dis-
turbance at some location, whereas marching analysis asks
what shape results at this location from the filter of the up-
stream history.

The local solutions show v,, moving away from the wall as
one moves upstream of the local-analysis neutral curve. This is
not only true in terms of » as one would expect, but also in
terms of y, and the vortices become tall, thin shear layers
before the code fails to find solutions (below the dashed line in
Fig. 2). This trend runs against intuition and suggests a break-
down of the local theory. It also prevents the marching code
from starting at £ = 1 for the case of A=210. Though the local
analysis can use an asymptotic behavior of disturbances out-
side the boundary layer and need not integrate farther than the
boundary-layer edge, the marching analysis needs to extend its
n grid out until v is about 5% of its maximum value in order
not to change the results more than a few percent. Thus the
present marching code, lacking any asymptotic behavior for
large 7, is unable to use local solutions over a large region of
Fig. 2. This is, however, a region where the local solutions are
suspect.
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Fig. 9 Effect of changing disturbance shape on subsequent growth
factor N; three pairs of runs with different initial conditions are
started at two different streamwise positions.

Varying Initial Conditions

How do variations in the initial disturbances affect growth
rates? How far downstream do different disturbances con-
verge to the same solution? How much have the differences af-
fected the disturbance amplitude by the time they have no fur-
ther effect on growth?

In this section, pairs of initial conditions are marched to see
what effect their difference has on the final disturbance ampli-
tude and how long one must march to get identical growth
rates. The first disturbance of a pair is the local solution, and
the second is derived from the first by altering the ratio v,,/u,,
and the % scaling of the # and v profiles.

The values of u,, for the second run of each pair were
divided by corresponding values from the first run and the
ratio plotted agains £. One would expect this ratio to reach a
limiting value, and it is of interest to know both what this
value is and how long it takes to reach this limit. The sample
curves in Fig. 9 show the effect of varying v,,/u,,, then 7, of
the v profile, then both together. Comparisons are made start-
ing at two separate streamwise stations, at A =62. Other runs
were made varying the amount the profile was distorted, the
type of distortion, and the values of £ and A. Several observa-
tions can be made.

Some altered profiles actually grow more than the local op-
timum. Thus these local solutions are not upper bounds on
possible growth in apparent contradiction to the earlier state-
ment regarding marched growth rates falling below local solu-
tions. The altered disturbances which do grow faster rapidly
change their shapes and lose their advantage converging to the
asymptotic curve established by marching. But they leave a net
gain, and because of their shape change, they cannot be dis-
covered by separation of variables.

The amount of initial distortion affects the net gain or loss
of amplitude. And for the case where v,,/u,, is altered, one
would like to know how wrong an N factor analysis of Gortler
vortex growth can be, if some kinds of disturbances can cause
more growth than either local theory or marching from a local
solution would show, and if so, how much more. For A=62,
starting at £ =1, a quadrupling of the local solution’s v,,/u,,
causes a net gain of 0.6 in N factor.

In practice, disturbances with larger v,,/u,, are likely to
have smaller u,,; therefore though an N factor expressing u,,
growth may be unusually large for these disturbances, the ac-
tual final amplitude will not be. If one compared several runs
with the same initial v, instead of the same u,,, large v,,/u,,
would not be an advantage. Since « and v perturbations are of
comparable magnitude in freestream turbulence, in contrast to
the small value of v,,/u,, for Gortler vortices, one would ex-
pect the receptivity problem to be governed by the v values in-
troduced into the boundary layer, rather than the u.

Starting farther downstream usually magnifies the effect of
an alteration, but overall growth is more when starting near
the local theory neutral point in the cases studied. The £ inter-
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val needed to converge tends to decrease with increasing £ as
seen in Fig. 9, but the x interval sometimes increases. The dis-
tance required for collapse does not depend on amplitude of
alteration but varies with what aspect is altered and is in-
creased if several kinds of changes are combined.

Better conclusions must wait for clarification of what dis-
turbances will be imposed on the boundary layer by external
sources.

Locating the First Neutral Point

A specific issue raised by the convergence question is
whether the first neutral point can be defined by marching.
The need is to start far enough upstream of the neutral point
to demonstrate convincingly that a variety of initial conditions
do in fact converge to the same disturbance before that distur-
bance becomes unstable.

Figure 8 shows several runs started at or before the local
solution’s neutral point. Note that v,, and v,,/u,, for the local
solutions both change so rapidly with x that the farther up-
stream we start, the farther downstream a disturbance con-
verges to the asymptotic limit. Also, there is a lower G limit
(hence £ limit) for each A before which Floryan’s program is
unable to find a mode (see Fig. 2). The earliest starting points
in Fig. 8 are close to that limit. Thus the present work fails to
establish by marching where the first neutral point should fall.
The culprit is not heightened sensitivity or reduced conver-
gence rate. It is the rapid variation of the local solution with x.

The difficulty in locating the first neutral point reflects the
wide disparity in analytical results concerning the neutral
curve.? The breakdown of the local analysis for small £ raises
the question whether the rapid variation of profile shape can
be attributed to the partial differential equation themselves or
to the local solution method. If the former, then it will not be
possible to define a first neutral curve for these equations nor
would such a curve, if it were definable, be meaningful for sta-
bility research.

Conclusions

This study has compared local and marching solutions of
the linear stability equations to determine how accurate local
analysis is and how readily random disturbances collapse onto
a unique asymptotic behavior. The differences between local
and marching analyses are modest, fairly uniform in the cases
studied, and permit local analysis to be used for engineering
studies—possibly with an empirical correction. These differ-
ences may be attributed to the effect of history in causing the
marched disturbance to lag behind the ideal which is a moving
target that changes rapidly enough that it is not reached. To go
farther will require knowing something about how distur-
bances are actually introduced and therefore what shape they
are likely to have.

Some idea is given of the convergence of random distur-
bances to the asymptotic disturbance. The concern is raised
that some disturbances can create arbitrarily large N factors
and thus highlight the need for the solution to the receptivity
problem.

Hall’s conclusions that the first neutral point cannot be
defined is supported by our results. The sensitivity of local
solutions to £ upstream of the local analysis neutral point is
seen to prevent any rational definition of that point. It may
not make sense to assign a unique growth rate anywhere in this
part of the o, G plane. One must solve the receptivity problem
here. Fortunately for N factor analysis, the exact location of a
neutral curve is not as important as accurate growth rates far-
ther downstream where rapid growth occurs.

Floryan’ and Floryan and Saric’ have compared the local
analysis neutral curve and disturbance profile to experimental
results by Bippes,® Wortmann,® Tani,!® and Tani and
Sakagami.!! The neutral curve of the experiments by Bippes
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lay outside that of the local analysis. The present work sug-
gests the neutral curve at higher « should be shifted into the
unstable region making it slightly smaller, thus, moving
slightly in the wrong direction. Wortmann’s neutral point is
above Floryan’s curve, but in a region where the present work
is unable to justify any neutral curve. One is not surprised to
find disagreement in a region so dependent on how distur-
bances get started.

There is also disagreement in v,,/u,, between Bippes and
Floryan and Saric. The theoretical value is half the experimen-
tal. The marching result is smaller still, but by a factor of
about 0.9 at the most. The differences between marching and
local analyses are modest and are insufficient to explain the
disagreement with experiments. However, the linear growth
analysis is only one aspect of the overall stability analysis, and
we need receptivitiy models to further the comparison with ex-
periment.

For simplicity, no attempt has been made in this study to
deal with other possible sources of discrepancies: the second-
ary effects of curvature, pressure gradients, non-Blasius
boundary layers, and finite-amplitude disturbances.
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